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A link is established between Bohr’s inequality for classes of analytic functions and the hyperbolic metric. The
classes considered consist of analytic functions mapping the unit disk respectively into the right half-plane, the
slit region, and to the exterior of the unit disk.
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1 Introduction

Bohr’s inequality states that if

f(z) = Z an 2"

n=0

is analytic in the unit disk U and | f(z)| < 1 for all z € U, then

> a2 <1 (1.1)
n=0

for all z € U with |z| < 1/3. This inequality was discovered by Bohr [11] in 1914. Bohr actually obtained
the inequality for |z| < 1/6. Wiener, Riesz and Schur, independently established the inequality for |z| < 1/3
and showed that the bound 1/3 is sharp [15], [20], [21]. Other proofs were also given in [16]-[18]. Boas and
Khavinson [10], and more recently Aizenberg [4]-[6] extended the inequality to several complex variables.

Bohr’s inequality drew the attention of operator algebraists after Dixon [12] showed a connection between
the inequality and the characterization of Banach algebras that satisfy Von Neumann’s inequality. Specifically,
by using Bohr’s inequality, Dixon constructed an example of a Banach algebra that satisfies Von Neumann’s
inequality but is not isomorphic to the algebra of bounded operators on a Hilbert space. Paulsen and Singh [16]
extended Bohr’s inequality to Banach algebras.

A class of analytic (or harmonic) functions in the unit disk U is said to satisfy Bohr’s phenomenon if an
inequality of type (1.1) holds uniformly in |z| < pg, for some 0 < py < 1, and for all functions in the class.

This article considers the class of functions subordinated to a given analytic function. For two analytic func-
tions f and g in the unit disk U, the function g is subordinate to f if there exists a Schwarz function ¢, analytic
in U with ¢(0) = 0 and |p(z)| < 1, satisfying g = f o . In particular, when f is univalent, then g is subordinate
to f provided g(U) C f(U) and g(0) = f(0) ([13, p. 190], [19, p. 35]). Consequently, when g is subordinate to
f, then |¢’(0)] < |f/(0)]. For additional details on subordination classes, see for example [13] or [19].
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Let S(f) denote the class of functions ¢ subordinate to a fixed function f and f(U) = Q. The class S(f) is
said to satisfy a Bohr’s phenomenon if for any g(z) = >0~ b,2" € S(f) and f(z) = >.," ,a,z", there is a
po, 0 < po <1, sothat

> b 2"| < d(£(0),09) (12)

n=1

for |z| < po. Here d(f(0),09) denotes the Euclidean distance between f(0) and the boundary of a domain €.
Obviously, when 2 = U, d(f(0),0Q) = 1 — | f(0)| and in this case (1.2) reduces to (1.1).

It is known that S(f) has a Bohr’s phenomenon when f is univalent. Abu-Muhanna [1] recently showed that
every g(z) = D2 by 2" € S(f) satisfies

D b2 | < d(£(0),09) (13)

n=1

for |2| < pp = 3 — 2v/2 = 0.17157. The radius py is sharp for the Koebe function f(z) = z/(1 — z). In
particular, when f is convex, it was shown in [6] that (1.3) remains valid for py = 1/3, a result which includes
(1.1) when 2 = U. In a recent paper [2], we had investigated Bohr’s inequality for functions mapping the unit
disk into the exterior of a compact convex set.

This article studies Bohr’s phenomenon to three classes of analytic functions mapping the unit disk respectively
into the right half-plane, the slit region, and to the exterior of the unit disk. It is shown that Bohr’s phenomenon
is carried over to the hyperbolic metric. In other words, the hyperbolic metric can be used to describe the phe-
nomenon. This is not surprising if one takes into account the invariant nature of the metric. Results of Section 2
are proved by using the properties of the hyperbolic metric and sharpened by introducing the hyperbolic metric
into the conclusions.

Let us recall [8], [9] that the hyperbolic metric for U is defined by

2|dz|
1=z

v (2)|dz| = (1.4)

the hyperbolic length by
Lo = [z
gl
and the hyperbolic distance by
dy (z,w) = inf Ly (v),
8!

over all smooth curves 7 joining z to w in U. The following four results from [8], [9] will be required.

Theorem 1.1 The hyperbolic distance in U is given by

1+ =%
dy (z,w) = log -
1— |2=w
1—zw
1+|z]

Hence dy (z,0) = log T — 00, as |z| — 1. This shows that the disk together with the hyperbolic metric
(the Poincare space) is a hyperbolic plane.

Theorem 1.2 (Schwarz-Pick) Let f : U — U be analytic. Then

dU(f(Z)af(w)) < dU(Zaw)'

. . . _ 9
Equality is possible only when f(z) = ¢’ % aeclU,0eR
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For any simply connected domain €2, and f : U — 2 the corresponding conformal map, define the hyperbolic
metric of €2 by

(U w))
P w)]

The metric Aq is independent of the choice of the conformal map f used.
Theorem 1.3 Let g : U — () be analytic. Then

do(9(2),9(w)) < dy (z,w).

Equality is possible only when g is conformal onto Q. In particular, do (g(z), 9(0)) < log

Aa (w) (1.5)

1+]z]
1—[z]"

The following estimates on the hyperbolic metric A in terms of the Euclidean distance will be of interest.

Theorem 1.4 Let ) be a simply connected proper domain, and f : U — Q) be conformal. Then
1 2
— <\ < —.
2a(7(z).00) = V) = G070 00
Equality holds on the left if and only if Q) is a slit-plane. If Q) is convex, then
e < Aa(f(2)) €
< Ao < .

d(f(z),09) d(f(z),09)

Equality holds on the left if and only if Q) is a half-plane.

2 Main results

This section contains the main results on Bohr’s phenomenon which have been improved by incorporating the
hyperbolic metric.

2.1 Half-planes and convex domains
Let H = {z = x + iy : Re z > 0} be the right half-plane. It is shown [9, Example 7.2, p. 29] that

d
Am (2)|dz| = |57Z|

The following result and its corollary relates to functions mapping the disk respectively into H or a convex
domain. By incorporating the hyperbolic metric, they improve the results of Aizenberg [7] in the sense that the
reciprocal of the hyperbolic metric for a convex domain (cf. Theorem 1.4) yields a sharper estimate than the
Euclidean distance.

Theorem 2.1 Let g(z) = " a,2" € H forall z € U. Then
— 1
a, 2" | < =d(ag,0H
Z | | )\H (CL()) ( 0 )

n=1

when |z| < p = 1/3. This bound is sharp.

Proof. Let F(z) = (Reay)((1 + 2)/(1 — 2)). Then h(z) = g(z) —ilmay = >.,°, anz" + Reqg is
subordinate to F'. Since F' is conformal, it follows that

di (h(2),Re ap) < dp(F(z),Reap) = dy(z,0) =log

Letw(z) = Y77, |an|2" + Re ay. Then by Herglotz formula [16], we deduce that w(|z]) < F(|z|). Hence

wil= 14|z
di (w(|z]), Re ag) = IOgRSiaL) <dy(F(|z]),Reay) = log = :z:
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Consequently, w(|z|) < (Re ag)((1+|z])/(1 — |z])).
If |z| < 1/3, then w(|z|) < 2Re ay, and thus

1
w(|z]) —Reag < Reay = N (a) = d(ag,0H). O

Corollary 2.2 Let g(z) = Y 72, a, 2" € Q, where Q is a convex domain. Then

> 1
a,z"| < < d(ao, 09),
nz::l| | >\Q(a0) ( 0 )

for |z| < 1/3. This result is sharp.

Proof. Let ¢ € 012 be nearest to ay. Further let T¢ be the tangent line at ¢, and H the half-plane containing
). Then g(z) € H,. Choose t real so that (H; — () e'" = H, the right half-plane. Let ©; = (2 — () e'’. Hence

(g(z) = Q) et € Qy C Hand (ag — ¢) et =] ag — (|-
Let f(z) = >.,° ba 2" be the conformal map from U onto €, with f(0) = |ap —¢| and b; > 0. By Lemma 4
in [11, |a, | < |b1]| for all n > 1. Consequently for |z| < 1/3,

oo

) b 1 1
>l <

2~ X, (f(0)  Malag)

As f(z) is subordinate to f(0)((1 + z)/(1 — z)), Herglotz formula yields |b;| < 2f(0). Hence

oo

n 1 _ _
3l S 3ty SFO0 =l =

1 ,
= =d((ag — O e, 0H) = d(ay, Q).
o (fan =y 100 = O, 08) = (oo, 59

2.2 Slit map
Let P = {z : |arg z| < w}. From (1.5), it is shown in [9, Example 7.7, p. 31] that

|dz| |dz| |dz| 0
A dz| = = > — =re'’).
P = SR 2 ~ 2elcos 82 = 202 (2 =re")
This theorem is about functions mapping the disk into P.
Theorem 2.3 If h(z) =Y. ", a,2" € P forall z € U, then

Nt , 1
Ap an — = d(|a ,8P
3 lonl al" < gy = lenl:0P)

for|z| < p= g: = 0.17157. This result is sharp.

Proof. Let

P = ool (7))

Then F(z) € P and

dp(F(2), F(0)) = dy (2,0) = log 12

© 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Now
F(lz1) (1z1) ) F(l2))
z
de (P FO) = [ Ar()lds 2] = 5 log
2]z £(0)
F(0) F(0)
Thus
Flel) _ (1+]2])?
£(0) 1—|4
When p < ¥Z=L = 0.17157, F(|2]) = F(0) < F(0) = g5y = d(F(0),0P).
De Brange’s Theorem [14] implies that Y7  |a, 2" | < F(|z]), which yields the desired result. O

Corollary 2.4 Let h(z) = Zn:O an 2" map U conformally into a simply connected domain ). Then

oo

1 2
Z|an||z| _m d(|aol, 0%?) _m

n=1

when |z| < p = ¥2=L = 0.17157.

Proof. Let ¢ € 99 be closest to ag and let e (2 — ) = Q;, where ¢ is chosen so that e’ (ag — ¢) > 0 and
the origin on 9 is closest to by = €' (ag — ¢). Let

g(z) =" (h(z) =) =D buz" = e(an — ()2

n=0 n=0

and

1+2\° > >
=t (152) =X B =n <1+4Zmn>.

n=0 n=1
From de Brange’s Theorem [14], it follows that

|b1]

b77/
| 1]o0]

nlbi| =

(4 oo 7).

Thus Theorem 2.3, Theorem 1.4, along with the fact that Mg, (|by|) = Xa(Jao|) [9, p. 36], yield

oo

- |01 | |b1] 1
bnz'n < B n < -
Db < g 2 1Bl < g ey e

n=1 n=1

1] 1 1
= — = a, 89 D
T D () Dala) = Wk 9

2.3 Exterior of the unit disk
Let U* = {z : |z| > 1}. From (1.5), it is easily deduced that

|dz|

Theorem 2.5 Letag > 1,and f(z) = .7 ja,z" € U forall z € U.If |z| < 1/3, then

E,?i |(ln 2" | 1 _
(@ log (Zalel) < b = d(logan, OH),
(b) Zn 1 ‘CL,, n| 7) [?iOVlded ap < 2.
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P

roof. Let FI(2) = exp {%} be a universal covering of U*. Note that

oo

9(z) =3 laa| 2"

n=0

is also in U*. Then

do-(g(|2]), a0) = log [lgg(")} < dy-(F(|2]). a0)

log ag
g [0 F D] 1]
log ag 1—|z7|
Thus
log g(|2]) <log F(|z]) =loga,™"".
When |z] < 1/3,

log g(]z]) — logag < log F(|z]) —logag < logag

1 1
=————=d(logay,0H) = ————.
)\H(logao) ( &G0 ) |a0‘)\U*(a0)

In addition,

F(|z]) —ao < ag(ap — 1)

whenever |z| < 1/3. Since g(]z]) < F(|z]|), the condition a¢ < 2 yields

oo

> lanz"| < 3

n=1

U*(ao)'
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